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Abstract—An asymptotic solution is developed for the temperature distribution at high Péclet number
in a doubly-connected, laminar, incompressible flow field consisting entirely of closed streamlines. It is
shown that, with the exception of a thin thermal layer next to a non-isothermal surface, the temperature
is constant along a streamline but that, in contrast to the analogous problem of vorticity transport, this
bulk temperature distribution is in general non-uniform. It is also established that the asymptotic ex-
pression for the average Nusselt number Nu does not contain explicitly the Péclet number Pe irrespective
of the thermal and hydrodynamic boundary conditions, a result which is at variance with what is commonly
encountered in heat transfer to external flows where, as a rule, Nu increases monotonically with increasing

NOMENCLATURE

C,C,, constants;

fo),  function defined by equation (8);

hy.hy, metrics of the coordinate system
o

m, 0 or 4; see equation (8);

n, summation index;

Nu, Nusselt number;

Pe, Péclet number;

Re, Reynolds number;

Pr, Prandtl number;

T, temperature;

u, velocity;

$, line integral around a closed stream-
line.

Greek symbols

€, constant in Fourier expansion, equa-
tion (11); '

@, a coordinate orthogonal to the
stream function i ;

¥, stream function;

r, absolute value of the circulation
along a closed streamline;

w, defined in equation (13);

* Present address: Union Carbide Corporation, Bound
Brook, N.J., U.S.A.

@, vorticity.

Subscripts and superscripts
1, refers to inner boundary;
, refers to outer boundary;
B, refers to bulk;
@, ¥, refers, respectively, to the coordi-
nates g and ¥;
-, average value;

-~

s stretched variable.

INTRODUCTION

THis work deals with the problem of heat transfer
in two-dimensional closed streamlines, incom-
pressible, laminar flows in the limit of high
Péclet number Pe. It represents, therefore, a
logical extension of an earlier analysis by
Batchelor [1] who considered the analogous
case of vorticity transfer within a domain
containing entirely closed streamlines and
showed, by simply integrating the Navier-Stokes
equations, that the line integral $(V x &) d3
around any closed streamline must vanish
identically if steady motion is to be maintained.
In addition, by applying this kinematic con-
dition to two-dimensional high-Reynolds num-
ber flows consisting of an inviscid region
plus the usnal thin shear layers along the
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boundaries, Batchelor was able to establish the
important result that, for such flows, the
vorticity is no longer arbitrary along each
streamline, but must in fact distribute itself
uniformly everywhere throughout this inviscid
core. The presence of such a constant vorticity
core has already been substantiated by Wood’s
[2] analytical solution to the problem of steady
circulation in the region between two slightly
non-coaxial rotating cylinders, as well as by
Burggraf's [3] numerical results for the flow
inside a fluid-filled square cavity having one
moving wall.

In many respects, the corresponding thermal
problem is very much akin to that of verticity
transfer, in that, for two-dimensional flows, the
equations governing the transport of both
vorticity and heat are of course entirely analo-
gous. Hence, it is easy to establish [1, 3] that, in
a simply connected closed streamline domain,
the temperature distribution at high Pe will
consist similarly, of an isothermal core sur-
rounded by thin thermal layers along the
boundaries. This analogy, however, cannot be
carried over in general to the case involving a
doubly connected domain, since here the exist-
ence of an isothermal core would exclude the
possibility of heat being transferred from one
boundary to the other. In fact, this example
illustrates the fundamental difference between
the boundary conditions for temperature and
those for vorticity transport, in that, whereas
the former can be set a priori irrespective of the
flow, the latter are determined by the fluid
motion itself. Consequently, although the net
heat flux across a given closed boundary can be
specified arbitrarily, that of vorticity must
necessarily be zero in order to maintain steady
state. We can see clearly then that the tempera-
ture—vorticity analogy can be drawn only when
there is no net overall heat transfer across a
closed boundary, which, of course, includes the
case of a simply connected domain.

In what follows, we shall develop an ex-
pression for the asymptotic temperature distri-
bution, with Pe — c0, in a doubly-connected
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flow field in which, as sketched in Fig. 1, all the
streamlines enclose the inner surface. Various
combinations of thermal and hydrodynamic
boundary conditions will be considered. Our
objective will be not only to show the interesting

Fi16. 1. A doubly-connected flow field.

contrast mentioned above between two analo-
gous heat-transfer and vorticity-transfer prob-
lems, (this will become apparent when Wood’s
[2] vorticity distribution in a similar system is
compared with that of the present temperature
field), but also to establish the asymptotic
dependence of the average Nusselt number Nu
on Pe since, in most heat-transfer problems, the
quantity of primary interest is the value of Nu
rather than the complete temperature profile.

ANALYSIS

We begin with the dimensionless form of the
energy equation, excluding viscous dissipation,

div (GT) = i,}-évzr, (1)

and introduce the coordinate system (i, ) where
the constant ¢ curves are orthogonal to the
streamlines (y = constant). Now, by definition,
uy, =0 and hyu, = *1, so that equation (1)
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reduces simply to
L {0 (haT\ 2 (hoT\| _ oT
Pelop\h,00) " W \h,o0){ ~ ~ 30’
03]

where h, and h, denote the metrics of the
transformation.

Upon examining equation (2) it becomes
evident that, except perhaps near the boundaries
where the gradient 0/0y may be large, the
temperature up to O(1/Pe), will be a function of
iy alone. This result can be interpreted to mean,
physically, that at high Pe convection due to
fluid circulation is much more effective than
conduction normal to the stream, so that any
temperature variations on the boundaries are
quickly evened out a short distance away. In
particular, for the simple case in which constant
temperatures, T; and T,, are prescribed on,
respectively, the enclosing surfaces Y, and ,,
the function

1
T=TW) +0 (P—e) 3)

represents a uniformly valid solution throughout
the flow domain. Moreover, it can be easily
shown by integrating equation (2) around a
closed streamline and making use of equation

(3), that
¥
dv
7

T=T,+(T, - )% @

f v
)
¥
where, although I'(y) = 4$(h,/h,) de, the abso-
lute value of the circulation along the closed

streamline i, vanishes on a stationary surface
(say ¥o) as

I'(y) > C|y — Yo|* + high order terms, (5)

the inverse of I'(y)) is still integrable. Hence, this
solution applies even if there is a stationary
surface within the flow field, as would be the

441

case when the two boundary surfaces move in
an opposite sense.

It is easy to see now from equation (4) that
the average Nusselt number corresponding to
this asymptotic solution is

Y2
o B .
“={an} ©

where, as is customary, we have set Nu/l =
total heat flux/k(T; — T,) with [ and k being,
respectively, the characteristic length of the
system and the thermal conductivity of the fluid.
Obviously, the above expression for Nu does
not contain the Péclet number explicitly in
contrast to the corresponding solution for ex-
ternal flows where, as a rule, Nu is a monotonic-
ally increasing function of Pe. On the other
hand, the dependence of Nu on the Reynolds
number Re can best be described by considering
the following three cases:

1. Re — 0. Here, the creeping flow equations
apply whose solution of course does not
involve the Reynolds number. Hence Nu will
be independent of both Pe and Re.

2. Re moderate. Here Nu will depend on the
value of Re since the latter will affect the
streamline structure throughout the flow
field and therefore the function I'() in
equation (6).

3. Re - o0. Here, the flow will consist of an
inviscid constant vorticity core plus shear
layers of thickness O(Re) * along the bound-
aries. However, as can be seen from equations
(4) and (5), a temperature drop of at most
O(Re)™* can exist across such a shear layer
so that, for heat-transfer purposes, only the
temperature distribution within the core
needs to be taken into account. The latter
clearly depends on the inviscid velocity
profile and, hence, the resulting expression
for Nu, equation (6), must again be inde-
pendent of both Pe and Re.

For the more general case in which a non-
uniform temperature is prescribed on the
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boundary, the solution T = T() cannot be a
valid approximation everywhere even in the limit
of infinite Pe, because, next to the boundary a
thin thermal layer will have to exist containing
large temperature gradients normal to a stream-
line. The analysis, therefore, requires that a
boundary-layer solution be constructed and be
matched to the bulk temperature distribution

ay
f T 0

where T, the temperature on y,, has been
assumed uniform for simplicity, and C, is a
constant to be determined by the matching
conditions.

Following the usual procedure now, we
simplify.the energy equation inside the thermal
layer by neglecting the temperature gradient in
the longitudinal direction in comparison to that
normal to the wall. Furthermore, if we restrict
ourselves to the two general cases: (a) Reynolds
number, Re, moderate or small but Pe —» oo
(implying a very large Prandtl number Pr); (b)
both Re > 1 and Pe > 1, but either Pr > 1 or
Pr < 1, we can apply the usual boundary-layer
arguments [4] and replace the functional co-
efficient h,/h, by the simple expression

L) =

Lo fo) (W, — Y™ (®)

For case (a), flp) is O(1) and m = 0 or 1 de-
pending, respectively, on whether the surface
¥, is moving or fixed. The same also holds for
the first subcase (Pr > 1) of (b) except that now
fl@) is O(Re)?, whereas, for second subcase of (b)
where the thermal layer, although thin, is much
thicker than the viscous layer, m = 0 and flp)
is O(1). Admittedly, case (b) does not include the
important subcase, Re > 1 and Pr of O(1), which
is somewhat more involved mathematically, but
since, as will be seen below, the qualitative
features of the Pe — oo asymptotic solution
remain unaffected by the exact form of the
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temperature profile inside the thermal layer, this
limitation is not particularly significant.

Making use then of equation (8) and stretching
the coordinates according to

. S
¥ =Pt " (Y, — ¥);

~ @
Q= !, flo)de
)
we reduce the problem to solving
i) oT oT
— -— 10
a0 (W w) 3 10

with boundary conditipns, in addition to the
matching requirement,

T0.6) = o) = 3, Avexp[itnod — )]
(11)
T(), @) = T(A, o+ 2—5) (12)
where
o = 21/ flg) do. (13)

For purposes of illustration, suppose that the
Reynolds number Re is small or moderate so
that Pe » oo implies Pr — oo with Re fixed,
and that the boundary ¥, is non-stationary
(m = 0). Then the solution, easily obtained by
separation of variables, becomes

T ¢) = 3 Avexp [~y (2]
x cos {nwe — Y \/(nw/2) — €,} + O(Pe™ %)

(14)
subject to the matching requirements,
lim T(j, ¢) = llm To(¥) (15)
) nd 4]
dT,
lim Pe* = lim (16)
§eo 5'17 yovr AU

However, since the expression for T(}, ¢) does
not involve any arbitrary constants, it is clear
that, in order to satisfy equation (15) the co-
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efficient C, in equation (7) must be set equal to

Agcosey — T,

Y2
v
J )

which, in turn, means that the temperature on
the edge of the thermal boundary layer must be
equal to the average of the specified surface
temperature T,{(¢@). On the other hand, since the
heat flux in the boundary layer is O(Pe?)
whereas that in the bulk is O(1), the match-
ing condition equation (16) demands that
T(y, $)/0f vanish as § — oo, a requirement
which is already met. Of course, since the total
heat flux across any streamline must be every-
where the same, it is easy to see that the O(Pe %)
term in equation (14) must contain a term C,¥
which will match exactly with the function Tj of
equation (7} as ¢ — ¢,

It is seen then that although the local heat-
transfer rate is proportional to Pe?, as in the
case for external flows, the average Nusselt
number is again independent of Pe and is, in
fact, identical to that of the constant boundary
temperature solution, equation (6), if the mean
of Ty(¢p) is taken to be T;. In other words we see
that, if the Péclet number is sufficiently large, a
further increase in Pe does not enhance the
overall rate of heat transfer from one surface to
the other, but simply induces a higher influx of
heat along some segments of the boundary with
a corresponding release of the same amount
along the remaining portions of the same
boundary.

Similarly, if T,(¢) is given on a stationary
surface (i.e. m = ), we obtain that

b4

o0

poas 4I13)
T, @) = Ay coseg +Z”\/3
n=1

x [§ Jlion]* A0% K, [$4* /(inw)]
x exp [i(nwe — ¢,)] + O(Pe™%)  (17)

where K is the modified Bessel function of the
second kind. Once again, although the local

heat-transfer rate (1/hy) 0T/3Y|,y, is O(Pe?),
the overall flux from ¢, to ¥, is not a function
of Pe, and, in fact, the main difference between
this and the previous case is that now the
thermal boundary-layer thickness is only
O(Pe™*) rather than O(Pe™?).

Problems involving other thermal conditions,
such as prescribed heat flux on the boundary
and a different range of Re, may also be treated
in the same manner and yield results qualita-
tively similar to those shown above. It suffices,
therefore, to summarize here the main con-
clusions of this analysis:

1. The asymptotic expression for the average
Nusselt number does not contain the Péclet
number explicitly irrespective of the thermal
and hydrodynamic boundary conditions.

Furthermore,
— dy } !
Nu = s
{ )

if the temperature is normalized by either
AT = Ty(¢) — Ti(¢), that is the difference
between the average surface temperatures, or,
in the case of prescribed flux on the boundary

(say ¥/5), by
v=v:g TOW)
V1

5”"-—-'*»;‘

h, 0T
AT = [‘Sﬁhw g ¢

2. A thermal boundary layer exists next to a
non-isothermal wall having a thickness, for
small or moderate Reynolds numbers,
O(Pe ™ *) and O(Pe™ %), respectively, depending
on whether the boundary is stationary or in
motion.

3. The temperature distribution in the bulk is
given in general by

I dy/Iy)

T, (<p)] 7
é dy/I(y

(18)
Hence, in contrast to Wood’s [2] analogous

() = Tile) + [Ty{e) —
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problem of vorticity transfer at high Reynolds
numbers where the solution was shown to
consist of a uniform vorticity core in addition
to the boundary layers next to the two
surfaces, we can clearly see here that, in the
case of heat transfer at high Pe, the tempera-
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Résumé-—Une solution asymptotique est présentée pour la distribution de température 3 des nombres de
Peéclet élevés dans un champ d’écoulement incompressible laminaire et 4 connexion double consistant
entiérement en lignes de courant fermées. On montre qu'a 'exception d’une mince couche thermique prés
d'une surface non-isotherme, la température est constante le long d’une ligne de courant mais qua la
différence du probléme analogue du transport de vorticité, cette distribution globale de température est
en général non-uniforme. On a également démontré que Pexpression asymptotique pour le nombre de
Nusselt moyen Nu ne contient pas explicitement le nombre de Péclet Pe indépendamment des conditions
aux limites thermiques et hydrodynamiques, résultat qui est en accord avec ce que ’on rencontre habituelle-
ment dans les écoulements extérieurs ol généralement Nu croit d’une facon monotone lorsque Pe augmente.

Zusammenfassung—Fiir die Temperaturverteilung bei grossen Péclet-Zahlen in einem zweifach zusammen-
héngenden, laminaren inkompressiblen Stromungsfeld, das ausschliesslich aus geschlossenen Stromlinien
besteht, wurde eine asymptotische Lésung entwickelt. Es wird gezeigt, dass mit Ausnahme einer diinnen
thermischen Schicht nahe einer nichtisothermen Oberfliche, die Temperatur entlang einer Stromlinie
konstant ist, dass aber im Gegensatz zum analogen Problem des Wirbeltransports, diese Temperatur-
verteilung im Medium im allgemeinen nicht gleichmissig ist. Der asymptotische Ausdruck fiir die mittlere
Nusselt-Zahl Nu enthilt nicht explizit die Peclet-Zahl Pe unabhingig von den thermischen und hydro-
dynamischen Grenzbedingungen. Dieses Ergebnis weicht ab von den iblichen Erfahrungen fiir den
Wirmeiibergang bei Aussenstrdmung, bei dem in der Regel Nu monoton mit Pe zunimmt.

Annoramma—IIpensoneno acHMOTOTHYECKOE pelleHHe TeIUIOBONM B3ajadd npu GOabLLMX
unciax [lexye piA JaMUHAPHOrO HECHUMAEMOTO TeYEHUA C NIOJHOCTHIO BAMKHY THIMH JMHAAMM
roka. IlokasaHo, YTO 33 MCKIOYEHHEM CIyYas TOHKOI'O TEPMMYECKOro ClI0A BONM3H HEemso-
TEPMUUECKON NOBEPXHOCTH TeMIePaTypa NOCTOAHHA BROJR JMHMM TOKa. B oramume ot fop-
MAJPHO AHAJOTHYHON 33724l IEepEeHOCA BaBHXPEHHOCTH 3TO pacnpejeleHHé TeMIepaTyps B
o0BeMe He ABAACTCHA PABHOMEDHHIM. YCTAHOBISHO TaKKe, YTO ACHMITOTHYECKOE BHpAKeHHe

ans cpexrero uncaa Hyccenpra Ni He cogepsut B siBHOM Bupae uncia Ilekne, mesasucumo
OT TEINOBHX M THZPOAMHAMHYECKHX TIpDaHMYHHX ycuoBuli. Taxnm obpasoyM, oGHAPYHeEHO

OTIaNYHMe OT OOHYHHX YCJHOBMI TennooOMeHna BO BHeIIHeM NOTOKe, rie Nu, Kax mpaBwiIo,
MOHOTOHHO BoapacTtaer ¢ unucaom Ilexne.



